We prove a one-to-one correspondence between (i) C 1+ conjugacy classes of C 1+H Cantor exchange systems that are C 1+H fixed points of renormalization and (ii) C 1+ conjugacy classes of C 1+H diffeomorphisms f with a codimension 1 hyperbolic attractor Λ that admit an invariant measure absolutely continuous with respect to the Hausdorff measure on Λ. However, we prove that there is no C 1+α Cantor exchange system, with bounded geometry, that is a C 1+α fixed point of renormalization with regularity α greater than the Hausdorff dimension of its invariant Cantor set.
Introduction
The works of Masur [11] , Penner and Harer [14] , Thurston [27, 28] and Veech [29] show a strong link between affine interval exchange maps and Anosov and pseudo-Anosov maps. We develop a smooth version of the above link proving that every C 1+H diffeomorphism f on a surface, with a codimension 1 hyperbolic attractor, induces a C 1+H Cantor exchange system Φf . E. Ghys and D. Sullivan (see E. Cawley [3] ) observed that Anosov diffeomorphisms on the torus determine circle diffeomorphisms that have an associated renormalization operator. In the same direction, we prove that every C 1+H diffeomorphism f on a surface, with a codimension 1 hyperbolic attractor, determines a renormalization operator acting on the topological conjugacy class [Φf ] C 0 of Φf . Then, we go one step further proving that every C 1+ conjugacy classes 1+H , determines a unique C 1+H diffeomorphism g, topologically conjugate to f , with an invariant measure absolutely continuous with respect to the Hausdorff measure on its invariant set. Furthermore, there is a Teichmüller space of solenoid functions (as introduced in [19] ) which characterizes the set of all C 1+ conjugacy classes of C 1+H Cantor exchange systems Φ ∈ [Φf ] C 0 that are C 1+H fixed points of renormalization [Rf Φ] C 1+H = [Φ] C 1+H . Denjoy [4] has shown the existence of upper bounds for the smoothness of Denjoy maps (see related re-sults of J. Harrison [8] and A. Norton [13] ). We prove that there is no C 1+α Cantor exchange system Ψ ∈ [Φf ] C 0 , with bounded geometry, that is a C 1+α fixed point of renormalization with regularity α greater than the Hausdorff dimension of the Cantor invariant set of Ψ .
Train tracks
A train track T = I n Ij /∼ is the disjoint union of non-trivial compact intervals Ij ⊂ R j =1 ˜ with a given endpoints equivalence relation. Let I n ˜ Ij be a finite disjoint union of non-trivial j =1 ˜ compact intervals I˜j ⊂ R. An endpoints equivalence relation consists in fixing pairwise disjoint equivalence classes E1, . . . , Ei such that / i Ej is equal to the set of all endpoints of the intervals I˜1, . . . , I˜n, and any two endpoints x and y are equivalent if, and only if, they belong to a same set Ej . We allow the case where some equivalence classes are singletons.
A parametrization α : I → T in T is the image of a non-trivial interval I in R by a homeomorphism onto its image. If I is closed (respectively, open), we say that α(I) is a closed (respectively, open) arc in T.
A chart in T is the inverse of a parametrization. A topological atlas B on the train track T is a given set of charts {(j, J )} on the train track covering locally every arc. A C 1+α , with α> 0, atlas B on the train track T is a topological atlas such that the overlap maps are C 1+α and have uniformly C 1+α bounded norm. A C 1+H atlas B is a C 1+α atlas, for some α> 0.
Cantor exchange systems
A C 1+H exchange system Φ = {φi ; i = 1, . . . , n} on a train track TΦ , with a C 1+H atlas BΦ , is a finite set of maps φi : I˜φ i → J˜φ i with the following properties:
(i) The sets I˜φ i and J˜φ i are closed intervals in the train track TΦ , and, for some α > 0, the maps φi ∈ Φ are C 1+α diffeomorphisms with respect to the charts in the atlas BΦ ;
(iii) For every x ∈ TΦ , there exist at most two distinct intervals I˜φ i and I˜φ j containing x.
We note that condition (i) implies that the intervals J˜φ i are also closed intervals. We say that a finite sequence {φi ∈ Φ} m or an infinite sequence {φi ∈ Φ}n;?1 is admissible with re-
for all n > 1. We define the invariant set ΩΦ of Φ as being the set of all points x ∈ TΦ for which there are two distinct infinite admissible sequences {φ F ∈ Φ}n;?1 and {φ B ∈ Φ}n;?1 with respect to x. The forward orbit O F (x) in in of a point x ∈ ΩΦ is the set {φ F (x): n � 1}, and the backward orbit O B (x) of x is the set {φ B (x): n � 1}. We will assume that the invariant set ΩΦ is minimal, i.e., for every x ∈ ΩΦ , the closure 
Codimension 1 attractors
Throughout this paper, (f, Λ, M) is a C 1+H diffeomorphism f with a codimension 1 hyperbolic attractor Λ and with a Markov partition M on Λ satisfying the disjointness property as we pass to describe.
We say that (f, Λ) is a C 1+H diffeomorphism f with a codimension 1 hyperbolic attractor Λ, if (f, Λ) has the following properties:
diffeomorphism of a compact surface S with respect to a C 1+α structure on S, for some α> 0. (ii) Λ is a hyperbolic invariant subset of S such that f |Λ is topologically transitive and Λ has a local product structure.
A C 1+H diffeomorphism (f, Λ) with codimension 1 hyperbolic attractor has the property that the local stable leaves intersected with Λ are Cantor sets and the local unstable leaves are 1-dimensional manifolds (see Appendix A.1, and also [1] and [30] ). Let HD(Λ s ) be the Haus-dorff dimension of the stable leaves intersected with the basic set. Furthermore, (f, Λ) has a Markov partition M on Λ with the following disjointness property: The unstable leaf bound-aries of any two Markov rectangles do not intersect except, possibly, at their endpoints (see also Appendix A.3). Let f be a C 1+H diffeomorphism with codimension 1 hyperbolic attractor Λ and with a Markov partition M satisfying the disjointness property. In Section 2, we present an explicit construction of a C 1+H Cantor exchange system Φ f, induced by (f, Λ, M). Let C f,M be the topological conjugacy class of Φ f,M . In Section 3, we present an explicit construction of a renormalization operator R f,M : C f,M → C f,M acting on the topological conjugacy class C f,M of the C 1+H Cantor exchange system Φ f, induced by (f, Λ, M). Let F be the set of all C 1+H codimension 1 hyperbolic diffeomorphisms topologically conjugate to f (see Appendix A.6).
Theorem 1 (Teichmüller space). Let (f, Λ, M) be a C 1+H diffeomorphism f with a codimension 1 hyperbolic attractor Λ and with a Markov partition M for f on Λ satisfying the disjointness property. There is a unique map
m defined by T f,M ([g] C 1+H ) = [Φ g,M g ] C 1+H ,
where Mg is the pushforward of the Markov partition M of f by the topological conjugacy between f and g. The map T = T f,M : F → C has the following properties:
(a) If [Φ] C 1+H = T [g] C 1+H , then HD(TΦ) = HD(Λg ); (b) T (F) = CR, where CR ⊂ C is the set of all C 1+H conjugacy classes [Φ] C 1+H ∈ C that are C 1+H fixed points of renormalization, [RΦ] C 1+H = [Φ] C 1+H ; (c) For every [Φ] C 1+H ∈ CR there is a unique C 1+H conjugacy class of C 1+H hyperbolic diffeo- morphisms g ∈ T −1 ([Φ] C 1+H )
with a codimension 1 hyperbolic invariant set Λg that admits an invariant measure absolutely continuous with respect to the Hausdorff measure on Λg ; (d) The set CR is characterized by a moduli space consisting of solenoid functions.
The above solenoid functions are introduced in [19] where they were used to construct a moduli space for the set of all C 1+H diffeomorphisms on a surface S with a hyperbolic invariant set Λ contained in S (see Appendices A.10-A.16).
Remark 1.
We note that in Theorem 1, if the unstable lamination of the attractor set Λ is ori-entable, then the Cantor exchange systems in C f,M are determined by Cantor exchange maps.
Upper smooth bounds for Cantor exchange systems
Let Φ and Ψ be C 1+H Cantor exchange systems such that Ψ is a renormalization of Φ with renormalization sequence set S = S(Φ, Ψ ). Let us suppose that Ψ is topologically conjugate to
In this case Φ is an infinitely renormalizable C 1+H Cantor exchange system, i.e., there is an infinite sequence of Cantor exchange systems inductively determined, for every m � 1, by
. We call L (j) the jth level of the parti-
Cantor exchange system Φ has bounded geometry, if there are constants 0 < c1, c2 < 1 such that, for all j � 1 and all intervals
, where the length is measured with respect to any chart ζ in the C 1+α Before proceeding, we present the following notion of C 1,HD regularity of a function.
Let φ : I → J be a homeomorphism between open sets I ⊂ R and J ⊂ R. If 0 <α < 1, then φ is said to be C 1,α if it is differentiable and for all points x, y ∈ I where the positive function χφ (t ) satisfies limt →0 χφ (t )/t α = 0.
In particular, a C 1+β diffeomorphism is C 1,α for all 0 <α < β. Furthermore, a C 1,α homeomorphism is C 1+α . Hence, for all 0 <α < β, we have C 1+β ⊂ C 1,α ⊂ C 1+α . 
Induced Cantor exchange systems
In this section, given a C 1+H diffeomorphism f with codimension 1 hyperbolic attractor Λ and with a Markov partition M satisfying the disjointness property, we present an explicit construction of the induced C 1+H Cantor exchange system Φ = Φ f, . Suppose that M and N are Markov rectangles, and x ∈ M and y ∈ N . We say that x and y are stable holonomically related if In Fig. 1 , we consider a derived-Anosov diffeomorphism g : T → T semi-conjugated, by a map π : T → T , to the Anosov automorphism f : T → T defined by f (x, y) = (x + y, y), where T = R 2 \ (Zv.. × Zw.. ). We exhibit the complete set of holonomies H f, = {h (A,A) , h (A,B) , h (B,A) , h is related to H f,M as follows:
(B1,A1) 1 ,B 1 ) 
(B ,A ) and h(B,A) • π |π(£ D ) = π • h(B ,A ) .
(B1,A1) 
The endpoints xi ∈ £M i and xj ∈ £M j are in the same endpoints equivalence class, if there are points xi ∈ £M i and xj ∈ £M j with the following properties:
The endpoints equivalence class in L M is the minimal equivalence class satisfying the above properties. For every stable leaf segment £ s , consider the smallest full leaf segment £ˆs containing £ s and a chart j : £ˆs → I in the atlas A s (f, ρ). By [18] , for every Markov rectangle M , the holonomy h : £ s ∩ M → £M has a C 1+α extension with respect to the charts in the atlas A s (f, ρ), which implies that the map kM • h • j −1 |j (M ∩ £ s ) has a C 1+α diffeomorphic extension uM to the train track Tf . Therefore, the map π • j −1 |(I ∩ j (£ s )) has a homeomorphic extension τ :
every Markov rectangle M . The inverse of these parametrizations τ together with the previous charts k N ) ) for some α > 0. By Lemma 1, the set {e(M,N ): (M, N) ∈ P} satisfies properties (i), (ii) and (iii) of the definition of a C 1+H Cantor exchange system. ✷
Lemma 2. The triple (f, Λ, M) induces a C 1+H Cantor exchange system
(M,N ) N N |k : k(£ˆ k(£ˆ M i=1 D Proof. Define e(M,N )|kM (£ D ) = kM • h(M,N ) • k −1 . By Theorem 2.1 in [18], the map kM • h (M,N ) •k −1 M D (M,N ) ) extends (not uniquely) to a C 1+α diffeomorphism e (M,N ) (M,N ) ) → C (M,
Renormalization of Cantor exchange systems
In this section, given a C 1+H diffeomorphism f with codimension 1 hyperbolic attractor Λ and with a Markov partition M satisfying the disjointness property, we present an explicit construction of a renormalization operator R = R f,M acting on the topological conjugacy class of the C 1+H Cantor exchange system 
Markov maps versus renormalization
The map F : T → T determines a C 1+α Markov map, with respect to the atlas B and with invariant set Ω , if the following properties are satisfied:
(i) F : T → T is a local C 1+α diffeomorphism with respect to the C 1+α atlas B on the train track T.
(ii) There exist c> 0 and λ> 1 such that, for every x ∈ Ω , with respect to charts i, jn ∈ B. (iii) The map F admits a Markov partition {K1,..., Km}, i.e., there exists a finite set of arcs
Let F : L → L be the map induced by the action of f −1 on stable leaf segments, i.e., (2)). Let (8), we obtain that
Let L (j) be the j th level of the partition of Ψ (see Section 1.3). By construction, the map FΨ sends each interval I ∈ L (j) onto an interval FΨ (I ) ∈ L (j −1) for every j > 0. Hence, if Ψ has 0 0 bounded geometry we obtain that the length of the sets in L (j) converge exponentially fast to 0 when j tends to infinity. Therefore, using the Mean Value Theorem, we obtain that if Ψ has bounded geometry then FΨ satisfies property (ii) and, conversely, if FΨ satisfies property (ii) we obtain that Ψ has bounded geometry. So, we conclude that if Ψ is a C 1+α Cantor exchange system, with bounded geometry, then FΨ is a C 1+α Markov map, and vice versa. ✷
Proofs of Theorems 1 and 2
Proof of Theorem 1. 
Proof of statement (b)
. By Lemma 4, if g ∈ F , then the C 1+H Cantor exchange system Φ g, is a fixed point of the renormalization operator R g,Mg that, by construction, is the same as
The proof that T (F) ⊃ CR follows from the proof of the statement (c) below.
Proof of statement (c).
Let Φ be a C 1+H Cantor exchange system such that
, by Lemma 5, the C 1+H Cantor exchange system Φ induces a Markov map FΦ . Therefore, (Φ, FΦ) is a self-renormalizable structure as defined in [15] and [16] . By Theorem 1.14 in [15] (see also A. Pinto and D. Rand [16] ), there is a one-to-one correspondence between C 1+H conjugacy classes of (Φ, FΦ) and C 1+H conjugacy classes of C 1+H diffeomorphisms g(Φ, FΦ) with hyperbolic invariant set Λg , and with an invariant mea-sure absolutely continuous with respect to the Hausdorff measure. 
Proof of statement (d). Let
conjugacy between Φ and Ψ , and set η = ξ • k • π . Let Tn be the set of all pairs (I, J ) such that (i) I is a stable leaf n-cylinder, (ii) J is a stable leaf n-cylinder or a stable n-gap cylinder, and (iii) I and J have a unique common endpoint (see Appendix A.4). Using the Mean Value Theorem and that FΨ is a C 1,α Markov map, the function r : / Tn → R + given by is well defined, where |L| means the length of the smallest interval containing L ⊂ R. By bounded geometry of Ψ , we obtain that r is bounded away from zero. Furthermore, using that FΨ is a C 1,α Markov map, for every pair (I, J ) ∈ Tn, we get
where Cn ∈ R + converges to zero when n tends to infinity. where Cn ∈ R + converges to zero when n tends to infinity. From (11), we obtain that Thus, using (12) we get
where C 1 ∈ R + converges to zero when n tends to infinity.
n 0
Since α = HD(TΨ ), by the Rigidity Lemma 4.1 in [17] , we obtain that r is a stable transversely affine ratio function (see definition in Appendix A.7). However, putting together Theorem 1 and Lemma 1 in [22] , there are no stable transversely affine ratio functions with respect to the stable lamination of Λf , and so we get a contradiction. ✷ ι 1 is well defined, where α = min{1,r − 1}. This construction gives the HR-structure on Λ determined by g. By [19] , we get the following equivalence:
Theorem 3. The map g → (rg,s , rg,u) determines a one-to-one correspondence between C 1+H conjugacy classes in F and HR-structures.
A.9. Lamination atlas
Given an ι-ratio function r , we define the embeddings e : I → R by where ξ is an endpoint of the ι-leaf segment I and R is a Markov rectangle containing ξ (see Fig. 2 ). For this definition it is not necessary that R contains I . We denote the set of all these embeddings e by A(r). Let g ∈ F and A(g, ρ) the ι-lamination atlas determined by a Riemannian metric ρ. Putting together Propositions 2.5 and 3.5 of [19] , we get that the overlap map e1 • e −1 between a chart has a C 1+H diffeomorphic extension to the reals. Therefore, e1 ∈ A(g, ρ) and a chart e2 ∈ A(rg,ι) for all short leaf segments K and all leaf segments I and J contained in it, we obtain that where in is any chart in A(rg,ι) containing the segment g n K in its domain.
A.10. Realized solenoid functions
For ι = s and u, let S ι denote the set of all ordered pairs (I, J ) of ι-leaf segments with the following properties: 
